VECTORS

Straight line in space

A straight line is uniquely determined in space if either;
we know one point on the straight line and its direction or
two points on the straight line.

Vector equation of a line

The vector equation of a line is given by

r=a-+AiAB
B
r=a+AB
A
r=a-+lAB
r=a-+Ad

Where; a = any point on the line
d = directional vector of the line.

The Cartesian equation is given by;
X = Xp Y=o Z—Zp

= = = A

a b ¢

Where a, b and ¢ are direction vectors

Example 1

Find the vector and Cartesian equation of a line passing
through 3i — j + 2k and is parallel to 3i — j + 2k
Solution;

r=a+Ad

(-

Cartesian equation

£)-C)3)

Example 11
Find the vector and the Cartesian equation of a line
passing through A(3, 4, -7) and B(1, -1, 6)

Solution
r=a+d
d=AB =0B — 04

(2)-(2)-G)

3 -2
r= ( 4 > + 1 <—5>(vector equation of line)
-7

13
X 3 -2
(+)- ( : >+/1<—5>
—7 13

x=3-2A
y=4-5\
z=-7T+13A

x—3

-

y__4=;t

-5

z+7

13

Cartesian equation
x—3_y—4_z+7_/1
-2 -5 13

Example II1
Find the vector and Cartesian equation of a line passing
through (2, -1, 1) and is parallel to the line whose equation
x—3 y+1 z-2

2 7 -3
Solution
Since the lines are parallel, it implies that they have the
same parallel vectors.

r=a+id

(-

Cartesian equation:

£)-() ()

x—2:/1

=4

x—2=2A=

y+1=77\:>yT+1=ﬂ,
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z—-1 1

z—1=-3A= =1 xX=2+=

-3 6
x—2_y-|—1_z—1_/1 ng

2 7 -3 6 7

y=3"¢
Example II1 11
Find the vector and Cartesian equations of the a line =%

passing through the following points

) 13 11
(@) 5.-4.6)and (3.7.2) The coordinates are (—,?, 0)

6

(b) (3,4,-7)and (5, 1, 6) Example V

Solution Show that 4i — j — 12k lies on the line
r=a+2AA4B r=2i+3j+4k+A(i—2j + 4k
r=a+d Solution

(-6 GG
() -6

x-5 y+4 _z-6 12 4 4

) T ) =4 4=2411=2
(b) AG, 4,-7)and B, 1, 6) —1=3-21=4=2and
=t ud 12=4+41 > 1=2
5 3 -~ The point lies on the line since the values of yare the
d=<1)—<4> same.
6 -7
2 Example V
d= <—3> The points A, B, C have position vectors
133 , —4\ /5\ /8
5 ],{2],| 1) Find which of the three points lie in the
r= ( 4 >+“<_3> (—1) (3) (7)
-7 13 -1 3
x—3:y—4:z+7:/1 1iner=<4>+/1<—1)
2 -3 13 1 2
Solution

-1 3
Example IV r= < 4 > + /1<_1>
1 2

Find the coordinates of the point where the line joining the

i —4
points (2, 3, 1) and (3, -4 -5) meets the x-y plane Ford,r=| 5
2 1 -1
r=(3)+a(_7> N
1 —6 5 )=(4 |+1]-1
x=24+2 -1 1 2
y=3-71 —4=-1+3A= A=-1
z=1-61 5=4-A= A=-1
. Al=1+2A = A=-1
For the line to meet the x-y plane, z =0 _4
0=1-64 = ( 5 )lies on the line.
A—l -1
6
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5=-1+3A = A=2

2=4-A= A=2

3=1+2A=> A=1

Since the values of A are not the same, point B does
not lie on the line.

8
ForC,| 1
7

8=-1+3A = A=3

l=4-A= A=3

7=1+2A= A=3

= Since the vales of A are the same, point C lies on
the line.

Angle between two lines
The angle between two lines is the angle between their
directional vectors

Consider two lines L; and L, with vector
equations

r=a+Ad; and r = b + pd; respectively

The angle between the two lines is given by
d,-d,

|d, ||, |

the formula

Examples

1. Find the angle between the lines;
r=3i+2j—4k+ A(i + 2j + 2k)
r=5i—2j+ p(3i+ 2j + 6k)
a.b = |a||b|cos 0

) )
0

V12 + 22 4 22/32 4+ 22 4+ 62
3+4+12

N

519
Cos —21

19
6 = cos_1< )

21
g = 25.2°

cosfO =

cosf =

Example II
Find the angles between the lines

x+4_y+1_z+3&x+1_y—4_z—5
3 5 4 1 1 2
Solution
d,.d,
cosf =
ldy|ld,|

(el
90

cosf =
V32 +52 44212 4 12 4 22
p 3+5+8
cosl = ——
(V50)v6
g 16
cosl = —
V300
p _1< 16 )
=cos " |—
V300
g =225°
Example II1

Find the acute angle between the lines:
x—1:y+2:Z—2 and l—x:y—3=Z—7
2 1 -1 2 1 2
Solution
:x—1:y+2zz—2 and x—lzy—3:Z—7
2 1 -1 -2 1 2
x—-1_ y-3 z-7

=
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osé?z—d1 -
|d, |- d, |
2 -2
cosf = —1 2
V22412 + (-1)2/(-2)2 + 12 + (2)2
0 —4+1-2
cosf = ——————
V6.9
= The acute angle between the two lines is 47.1°
Example IV
Find the angle between the lines:
x—1=y+1:z—2:}L and x—5=y—1=£=/j
3 2 1 1 1 2
Solution
3 1
dl = <2> and dz = (1)
1 2
cosd = d-d,
|d1 |'|d2|

)0

V32422 + (1212 +12 + (2)2
3+2+2
V14 .6
6 =40.2°
= The acute angle between the two lines is 40.2°

cosO =

cosO =

Note: If two lines are perpendicular, then
(di.d2) =0

Point of Intersection of two Lines
Example

Find the point of intersection of the lines

x y+2 z-5 &x—l_y+3_ z—4

1~ 2 0 -1 -1 -3 1
Solution
X_yt2_ 275 _ i
T= = = (1)
x=1 _y+3 _ z=4 _ i
T TR T T M (i1)
From equation (i)
XZN o (111)
y+2
— =
y+2=24

From equation (ii)
x=—pu+1 ... (vi)
y+3=-3u
I T T 74 1)

Substituting Eqn (*) in Eqn (**)

2(1—p) +3u=-—
2—2u+3u=-1
2+u=-1
u=-3
A=—-pu+1
A=3+1
A=4
Equating Eqn (v) and Eqn (viii)
—A+5=u+4
—44+5=-3+4
1=1
The two lines intersect
x=4
y=21-2
y=8-2
y==6
z=—4+45
z =—4+ 5=1
The point of intersection of the lines is (4, 6, 1)

Example 11

Find the point of intersection of the line
r=i—2j+3k+ A2i+j—-k)
r=—-i+3j+7k+ u(-2i+j+2k)
Solution

Fromr =i—2j+3k+ AQ2i+j—k)

Apc
BN —

r=—i+3j+7k+ u(-2i+j+2k)



-1 -2
r=<3)+l<1)
1 2
—1-2u
09=<3+u)
1+ 2u

X -1-2u
<y> = ( 3+u ) T ¢ |
z 7+ 2u

Equating the corresponding x components:
1+21=-1-2u
20+ 2u = -2
A+pu=—T i e e (3)
Equating the corresponding y components:
—24+1=3+yu
Equating the corresponding z component;
3—-A=7+2u
20+ A =—=4 . 5)
Eqn (3) —eqn (4)
2u=-—6
u=-3
From Eqn (4)
A—=(-3)=5
A=2
Substituting A = 2 and u = —3 in Eqn (5);
= The two lines intersect at (5, 0, 1)

Example I11
Find the point of intersection of the lines

y+3_z—5&x—1_y—8_ z—3

XY= -1 1 —2
Solution
y+3 z-5

x_ll _Y T 8 = Z_23 el RN €2 |
From equation (*)

x—2=2

X=24 Ao i e e (1)

y+3=141

V=41 =3 e et vt e e e e e e (2)

z—5=21

Z=2145 it e e (3)
From equation (**)

x—1=—u

X =1 =ttt e e e e e e e (B)

y—8=u

BT T - TSR ¢
z—3=2u
Z=2U43 e e ()

Equating the corresponding components
24A=1—-yu
UFA =T it e v e e e (7)
u+8=41-3
U—4A = =11 i e e (B)
Eqn(8) - (7)
SA=-10
A=2
Substitute A = 2 in Eqn (8)
U—4x2=-11
u=-3
- The point of intersection is (4, 5, 9)

PLANES

A plane is a surface which contains at least three non-
collinear points. If two points are taken then the lines
joining the two lines lies completely on the surface of the
plane.

A plane is completely known if we know one point that lie
on the plane and then the normal to the plane.

Equation of a Plane

Suppose a plane P passes through a point A with a
position vector a and is perpendicular to vector n. Let r be
any point (x, y, z) in the plane.

If two lines are perpendicular, dot product of their direction

vector =0
n
NA
a r
C
AR.n=0

(A0 + OR).n =0
(—a+7r).n=0

(—n.a+nr)=0
na=nr
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Equation of a plane is given by n.7 = n.a

Where n = normal and a = the point that lies on the plane.

Example I
Find the equation of a plane passing through (1, 2, 3), and
is perpendicular to vector 4i + 5j + 6k
Solution
nr=na

10)-6))

4x+5y+6z=4+10+18
4x + 5y + 6z =32

Example 11
Find the equation of a plane which contains A with
position vector 3i + 4j + 2k and is perpendicular to i +

2j — 2k.
Solution
nr=na

(2)0)-(2) 0

x+2y—2z=3+8-4
x+2y—-2y=7

Example I11
Find the equation of a plane passing through a point A
with a position vector —2i + 4k and is perpendicular to
the vector i + 3j — 2k.
Solution

nr=n-a

(3)0)-()()

x+3y—2z=-2+4+0-8
x+3y—2z=-10
x+3y—2z+10=0

Angle between two planes
The angle between two planes is the angle between their
normals

ny. 1M,

InylIn,|

cosf =

Example I

Find the angle between the planes 2x + 3y + 5z = 7,
3x+4y—2z=8

Solution

() (3)

ny.n,
c0sf =———
Inq|In,|
2 3
3| 4
cosf = 5/ \—1
V22 432 +52.932 + 42 + 12
6+12-5 13
cosf = =
v38.v26  V38.v26
0 _, 13
=cos  ——
V38.vV26
6 = 65.6°
Example II
Find the angle between the planes 3x — 3y —z=0and x +
4y —2z=4
Solution

2)()

[nq|In,|
32+ (=3)2 + (—1)2./12 + 42 + (=2)2
3-12+2 -7
V19.421  V21.V19

0 =cos™! (—\/2_1_1/@>

cosf =

cosf =

cosf =

0 = 69.5°

Angle between a line and a plane

/

n.d = |n||d| cosa
6 +90°+ a =180°
0 +a=90°
a=90°—-0
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n.d = |n||d| cos(90° — @)
n.d = |n||d|sin @

o n.d
SIno =
Inlld|
in 8 n.d
sin@ =
|n||d]
Example

Find the angle between the lines
r=1i+2j—2k+ u(i —j+ k) and the plane 2x — y +
z=4

Solution
g n.d
sint = ——
In|ld|
1\ /2
sin @ 1 1
V124 (D2 +12./22 + (-1)2 + 12
g 2tltl
SNt = ——
V3.6

sinf = (\/%)

o =5 (75
=sin"" |—

V18
6 =70.5°

Find the acute angle between the line

x;lzﬂzi;;and7x—y+52=—5

-1 1
Solution
ind n.d
sinf =
Inlld|
5 7
sin @ 1 5
V52 + (—=1)2 +12.,/72 + (—1)2 + 52
8 354+1+5
sinf = ————
V27.475
ing ( 41 )
sinf =
V2025
p 1 ( 41 )
= sin
V2025
0 = 65.7°
Solution
Find the angle between the line x7+1 = % = Z_Lll and x +
y+z=12
Solution

n.d

sinf =

Inl|d|

1 2
sin 6 17 -1
V12 +12 +12.4/22 + 52 4+ 12

251
SN0 = ————

V3.4/30

sinf = (\/%)

o =5 (5)
=sin"" |—

90
0 =39.2°

Point of intersection of a line and a plane
Example I

Find the point of intersection of the line xTH ===

andx+y+z=19
Solution
x+1 y-3 z+1
5 -1 1
From (*)
x+1=21

x+y+z=12
CA-D+G+3)+(—1-1) =12
41 =16
A=4
From equation (1)
x=2(4)-1=7
From equation (2)
y=54)+3=23
From equation (3)
z=—-1—-4=-5
~ The point of intersection (7,23, —5)

Example 11

X
Find the point of intersection of the line 3 =——= and

the plane 3x + 4y + 2z = 25
Solution
x y+2 z-1_
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Y=21=2 i, 2)
z—1=4A
Z=4A+1. .. 3)

3x+4y+2z=25

350) +4(2A—-2)+2(4 A1+ 1) =25
154+81—-8+81+2=25

311 =25+6

3142 =31
A=1

x =05, y=2-2=0, z=25
~ The point of intersection = (5, 0, 5)

Example
Find the point of intersection of the line; % = yT_Z =z-
4 and the plane 2x —y + 3z = 10
Solution

x+2 y-—-2

== — 4 =
1 > z A

X=—=A—=2 (1)

Y=2A+2 2)

Z=A+4 3)

2x —y +3z =10
2(-1—2)— (24 +2) +3(A+4) = 10
24 —4-21—-2+31+12 =10
—4A+31+6=10

—1=4

A=—4

x=—4-2=-6 y=-8+2=—6,
Z=—4+4=0

The point of intersection (-6, -6, 0)

Perpendicular distance of a point from a
plane

The perpendicular distance of a point (xq, ¥4, z;) from the
plane ax + by + cz + d = 0 is given by the formula;
ax+by+cz+d

Voo
Example
Find the distance of a point (—2, 0, 6) from the plane 2x —
y+3z=21
Solution

ax+by+cz+d

x1,Y1,21 = (=2,0,6)
Comparing ax + by + cz + d = 0 with

2x—y+3z—21=0;
a=2, b=-1,
—4+0+18-21
V224 (-1)2 432

-7 -7 .
D = ﬁ = ﬁ Units

c=3 d=-21

Line of intersection of two planes
Two planes intersect in a line

Examples I
Find the line of intersection of the planes 2x + 3y +4z=1
and x + y + 3z=0
Solution
2x+3y+4z=1
x+y+3z=0
Letz=21
2x+3y=1—4A....., Q8
X+Y =34t (2)
Eqn (2) x2
2X+ 2y = =6 .ot 3)
Eqn (1) — Eqn (3);
y=1+21
y—1

T:A

From Eqn (2);

Buty=1+241
x+y=-3\
x+1+2A=-3A
x+1=-31-21
x+1=-51
x+1
—5 =4
x+1 y—-1_

-5 2

z=A

Example 11
Find the line of intersection of planes 2x + 3y —z=4 and x
—y+2z=5.
Solution
2x+3y—z=4
X—y+2z=5
Letz =21
2x+3y—1=4
X—y+2A=5
2x+3y =44+ ... (1)
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Multiply Eqn (ii) by 3;
3x —3y=15—-61............... (iii)

Eqn (iii) + Eqn (i);
5x =19 -54
50=-x+19

A= +19
= —X z

(%)

-1
Multiply Eqn (ii) by 2;

Eqn (iv) — Eqn (i);
—5y=6-51
50 =—-6+5y
-6
A=—+y

5

y—é
1=

Example
Find the Cartesian equation of a line of intersection of the
lines.
2x—3y—z=1
3x+4y+2z=3
Letx =41
—3y—z=1-2............... (1)
4y+2z=3 -3 ...l (i1)
Eqn (i) x 2
—6y—2z=2—44.............. (i)
Eqn (iii) + Eqn (ii)
—2y=5-721
—2y—-5=-74
—2y—-5
——=
~2(r+3)
-7
Eqn (i) x 4
= —12y—4z=4-84........... (iv)
Eqn (ii)) x 3
12y +62=9—9A .....cocvinnn... W)
Eqn (iv) + Eqn (v)
2z =13 -17A

A

=

—1713
2(2-7)
_172 1:A 13
o (YEE) __(21_77) _y
21 123
L) (8
) "7

Equation of a Plane
Given three points on the plane, we can find the equation
of a plane;

Example I

Find the Cartesian equation of a plane passing through A
0,3,-4)B(2,-1,2)and C (7, 4, -1)

Solution

p
Let the normal = (q)
r

AB = (_9 _
o (;) ]
(1)(3)-°

2p—4q+61r=20

|

_PUJO
~_—
[l
/-~
w =
N———

p—2q+3r=0......c.cciin. (1)
P\ /(7
6)()-o
r/ \3
Tp+q+3r=0....cociiiiiin. (i1)
From (1)
P=20 =37 e, (1i1)

=2702q—-3r)+q+3r=0
14q —21r+q+3r=0

15q —18r =0
5q—6r=20
5q = 6r
6 .
q = Tt (iv)
>p=2 or 3
P= (5) r
12
p=?r—3r
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()46
(]

nr=na

X -3 -3 0
LHe)-(e) )
z 5 5 —4
—3x+6y+5z=0+18-20

—3x+6y+5z=-2
3x—6y—5z—-2=0

Example II

Find the equation of a plane passing through points P(4, 2,
3),Q(5,1,4)and R(-2, 1, 1).

Solution

p
Let the normal to the plane be <q>
r

o ()-)-()
(-0
O

p—q—71=0 ..o (1)
p\ /-6
<q>. -1]=0
r -2
—6p—q—2r=0
6p+q+2r=0........cil. (i1)
From Eqn (i);
p=q-—-rT

6(q—7r)+q+2r=0
6gq—6r+q+2r=20

7q —4r =0
7q = 4r
_4r
1=7
_4r
_—3r
P=7

nr=n.a

X\ /—3 -3 4
2)(1)-(4)6)
Z 7 7 3
—3x+4y+7z=-12+8+21

—3x+4y+7z=17
3x—4y—-7z+17=0

Example II1
Find the equation of the planes passing through the
following points:
i A0,2,-4B(2,0,2)C(-8,4,0)
Solution

p
Let the normal n = <q>
r

6-()-(3
()3
O6)-

2p—2q+6r=20
p—q+t3r=0...c.ciiiiii.. )]

p\ /-8

(1(2)-

r 4

—-8p+2q+4r=20
Ap+qg+2r=0..i (i1)
p—q+3r=0

p=q—3r
—8(q—3r)+2q+4r=0
—-8q+24r+2q+4r=20

o

—6q+28r =0
6q = 28r

14r
=73

14r 5r
p=3 =3
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x 5 5 0
-G
z 3 3 —4
5x+14y+3z=0+4+28-12

Sx+ 14y +3z—16 =0

(ii) A ('19 03 1)9 B(39 3 2)’ C('19 19 1)

5)

Let the normal =

/N
3

4p+3q—3r=0...ccciiiiil. (1)
p\ /0
i
r/ \0
q=20
Substitute ¢ = 0 in Eqn (i);
4p = 3r
_3r
s

()= 0")-50
-6
)(0)=()(¢)

3x+4z=-3+4
Bx+4z=1)
3x+4z—1=0

Example IV

Find the Cartesian equation of a plane containing the
point (1, 3, 1) and it’s parallel to vectors (1, -1, -3) and (2,
1,-3)

Solution

1 2
AB = (—1>andAC = ( 1 )
3 -3

p
Let the normal = <q>

B

p—q+3r=0...........ciin )]
P\ [/ 2

(5)(3)-s

r/ \-3
2p+q—3r=0.................. (i1)
p=q—3r

2(q—3r)+q—3r=0
2q—6r+q—3r=0
3g—9r=0

Example V

Find the Cartesian equation of the plane passing through
the points A(1, 0, -2), B (3, -1, 1) parallel to the line
r=3i+QRa-1j+G-a)k

Solution:

r=3i+2aj—j+5k—ak
r=3i—j+5k—a(0j+2j—k)

SERGRG
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From Eqn (ii);
=>1r=2q
2p—q+3(2q)=0
2p—q+6q=0
2p+59g=0
-5

PZTQ

B-(3)-4
r ! 2 4

nr=na

0))-GG)

—5x+2y+4z=-5-8
(=5x+2y+4z=-13)
5x -2y —4z—-13=0

Example VI

Find the equation of the plane containing line

1 -2
r= (—1) + t( 1 ) and is parallel to the line

0 -1

(o

() (i)

)

p\ /—1
()(3)-

r/\ 2
p+qg+t2r=0.........ciiiin (i1)
From Eqn (i);
r=-2p+gq
=>p-q-2q-2p)=0
p—-q-2q+4p=0

5p—3¢=0
-3
P 5
3q
:—2—
, (J“’
—
5
(%)
p 5 3
n=(q>=| q |=%(5
AV
5
nr=na

BC)-()(

3x+5y—-2z=3-5+0
3x+5y—z=-2

Example VII

Find the Cartesian equation of the plane formed by the
lines r =-2i +5j — 11k + A(3i +j + 3Kk) and

r = 8i+ 9j + A(4i + 2j + 5K)
Solution

()= )

3ptg+3r=0....cciiiiiinn .l 1)

()¢

dp+2g+5r=0.....ccciinnnn. (i1)

From Eqn (i);
q=-3p-3r

4p +2(-3p-3r)+5r=0
4p—6p—6r+5r=0
2p—r=0

r=-2p

q=-3p—3(-2p)

q=3p

224



£1()-() ()

x+3y-2z=-2+15+22
x+3y—-2z=35

INTERNAL AND EXTERNAL DIVISIONS
Let A and B be points in space with position vectors A
and B.

0

Let R be a point on a line segment AB dividing AB
internally in the ratio of 1 : u

OR=0A+ AR

0R=a+L

AB
A+u

A
—a+m(b—a)

_al+au+bl—al
h A+u

bA
0R:ay+

A+u

OR

Example I

4 1

Given that; OP = (—3) ,00Q = <0> Find the coordinates
5 2

of R such that PR :RQ =1:2

_au+bi
R

Example II

2 7

The points A (—1) and B (6) form a line segment
6 1

which is divided externally in the ratio of 4:-1. Find the

coordinates of T

L)

T =
(or) -1+4
—2+ 28
(1+24>
-6+ 4
OT = ———
3
-B)()
3 -2
0T—(26 25 2)
~\3’3" 3
Example II1

3 9
Find the position vectors (—2) and ( 1 ) , Find the

5 -1
position vectors of C which divides AB externally in the
ratio of 5:-3

Solution:

“(2))

5+ -3

s G

2

—9+45
6+5
—-15-5

2
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()
2 -20

18
oc =| 11/,
10

C—<1811 10)
- i2:

Example IV
Given that A(0, 5, -3), B(2, 3,-4) and C(1, -1, 2). Find
the coordinates of D if ABCD is a rectangle or

parallelogram.
D c(1,-1,2)
B (2, 3/ _4)
A(0,5,-3)
AB = DC

(0B — 04) = (0C — 0D)
0D = 0C + 0A — OB

oo (3)-()0)
e ()3
()

D =(-1,1,3)

Proving that three points are vertices of a
triangle

Give a triangle ABC with vertices
A = (x1¥121) B (x2, y2, 22) C (X3, ¥3, 23)

A R

AB+BC+CA=0
OB—0A+0C—-0B+0A-0C=0

Example
Show that 3i + 3j + k,8i + 7j + 4k and
11i + 4j + 5k are vertices of a triangle

C(11,4,5

A, 31) B(8,7,4

AB+BC+CA=0

OB—-0A+0C—-0B+0A4A-0C

()-0-)-C)-0-)
JUIRE)
()G )¢

Length and the equation of the perpendicular drawn
from the point

~

Example I
Find the equation and length of the perpendicular drawn
from a point (2, 3, -4) to the line

4—x y 11—z

2 6 3
Solution
4—x y 1-z
2 6 3
x—4 y z-1
-2 6 -3
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A(27 37 _4)

B(4-21), 61, (1-3%)

()=(0) (%)
()-("e)

AB = OB — 0A

4—-21-2 222
~(To1-3 )= (e13)
1-31-4 5-31

2=2A\ /-2
(6)1— 3)( 6 >=0
5—-31/\=-3

(=2(2—21)+6(64—3)—=3(5—-31) =0
—4441+361—18—15+91=0
361+ 91+41—18—-15—4=0

49] = 37

Equation of the perpendicular
x-2 y-3 z-4
o e %

Length of the perpendicular AB

24\*  (75\*  [134\*
1= () + () + ()
AB =3.1719 units
Find the length and equation of the perpendicular drawn
from a point (5, 4, -1) to the line; r = i + A(2i + 9j +
5k)
Solution

A(5,4,-1)

B(1+2A, 94, 5X)
1 22
0 54

1+21-5 21— 4
AB=( 91 — 4 >=<9,1—4>

5441 5441
AB.d =0

2
(3

5
21 — 4\ /2
(91—4><9>=0
5141/ \5

(221 —4) +9(9A—4) + 5051+ 1) =0
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41 —-8+811—-36+254+5=0
811+ 254 +41—-8+5-36=0
1104 =39

39

0
4B| = (—362)2(—89)2(—305>2
N 110 110 110
|AB| = 4.379 units

Equation of the perpendicular bisector is

362
5 /110\
r=<4>+#|ﬁ§|

-1

Shortest Distance between Parallel Planes

Example I
Find the perpendicular distance between two parallel
planes;
2x + 5y —14z =30
2x + 5y — 14z = —15
Solution
ran=d,
Plane 1

<2i +5j — 14-k) 30
’ 15 15

2

<2i +5j — 14k)
' 15

(Zi +5j — 14k) _
' 15 -

Plane 2
r.2i+5j — 14k = —15

(Zi +5j — 14k) _
r. 1c =

2 units

o) 1 unit

Example II

Find the perpendicular distance between two parallel
planes;

x+2y—z=—4andx+2y—z=3

ran=d,

For plane 1

r(i+2j-k)=-4
- (i+2j—-k) _ —4
Vo e
For plane 2
r(i+2j-k)=3
Or (i+2j-k) 3

% %
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units

4 unit

Vo

Shortest distance between two parallel lines

A

0
d

0

(o] B

A

d

0
O_| B

Distance between a point A and line B

d =ABsin@

Example I
Find the shortest distance between the following pairs
of parallel lines

x-2 y-1 z-3
1 -1 2

and

x+1 y-3 z-1
1 -1 2

AB=|(2+1) +(1-3) +(3-1)’

AB =17

AB=0B-04

()0 ()

A(2,1,3)

-9
6 = cos™ ! (—)
V100

cosf =

0 =26.8°

d
sin 26.8° = —
V17

d = 1.859 units

Example II
Find the distance between the following pairs of
parallel lines

6
()0

Solution
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A(2,0,3)
0

B (1r '11 4)

(2-1)" +(0+1)" +(3-4)’

R
SS
I
g

+1+1

'
o]
I

g
=~
1]
=

2
cosf =——
V18
0 = cos” (55)

= cos —

18
6 =61.9°
sinf = —

V3
in61.9° = i
Sin . \/§
d =V3sin61.9°
d = 1.52789 units

SKEW LINES

These are lines which are neither parallel nor
perpendicular

Shortest distance between two skew lines

Example I
Find the shortest distance between the following skew

lines

(3o

B(2u, -1+, 143p)
AB=0B-0A4

2u—(1+2) 2u—A+1
—1+pu—Q2+24) |-| u—21-3
1+3u—3+A4) 3u—1-2
2u—A+13\(1
u—=241-312|=0
B3u—1-2)(1
2u—A+14+2u—42-6+3u—1-2=0
Tp—=6A =T o 1
2u—A+13\(2
u=22-3111(=0
3u—141-2){3
Ap—-22+2+u-24-34+9u-31-6=0
14pu-71-7=0
14p—=TA =T (2)
s S
“=gA=g
2
AB=|—-0.4
-1.2

AB = |2 +(=0.4) +(~1.2)* =2.3664units

Example 11
Find the shortest distance between the following pairs
of skew lines

x—2:y_+1:£ and x+1:y—1:z—1
0 1 2 1 -3 -2
Solution
2 0 -1 1
r=|-1|+A|1 |, r=|1 |+u|-3
0 2 1 -2

B(-1+, 1-31, 1-21)
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+

( ,U H=3

AB=0B-04 | (1-3u)- 1+,1) = 3u-A+2
(1 zﬂ 1-2u—-24

M3 0

SBu-A+2|1

1-2u-24 )2

SBu-A+2+2-4u-41=0

~Tpu-51-4=0

Tu+54-4=0

=0

1-2u—-24 )\ -2
_4//
U=3+9u+3A-6-2+4u+44 7
14u+74-11=0
4u+T7A=11ii (2) 3
4

9
=2, =1
#77

- (1))

49 49 49

321
7

AB =

AB = units

Vector Geometry

Example I

Triangle OAB has OA=a, OB=b. C is a point on OA such
that OC= % a. D is a mid point of AB when CD is

produced, it meets OB at E such that DE = nCD and
BE=kb. Express BE, DE in terms of;
a)n,aandb

b) k, b and a. Hence find the values of n and k.

D

-~y
-~y
-~y
-~
-~
-~
-~y
-~y
0] >, E
B

DE =nCD
DE:n_@JrE]

DE =n %a+@}

DE=n|tatr a5
37 2

DE :lna+—nb—lna
3 2

D—E:%(b—a)+kb

DE:lb—la+kb
2 2
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2
—+k:lx3 A=<u
2 5
301 4.8
k=—-—=1 =
2 5
Example II 0Q = %a

Given that OA is a and OB=b point R is on OB such that

OR:RB=4:1. Point P is on AB such that BP:PA=2:3. ' Example I

When RP and OA are both produced, they meet at Q. Find 0, A and B are non collinear points OA = a, OB = b, C is
OR and OP in terms of a and b 1
ii) OQ in terms of a nmmMMOfABJ)EapMMOnOBmmhﬂmtOD=ZOB.
Solution T is a point of intersection of OC and AD. Find the vector
OT in terms of @ and b.

Solution

OR =208 — OR=2p

5 5
OP — OB + BP OT =0C

) 0OC=0B+BC
OP=b+=BA4 _ 1
— 2 |
OP=b+—(a-b) =b+ —(a—Dh)
5 2

- 1
OP:é(3b+2a) OC=5(a+b)
VaYa A OTzﬂ(la+lbj
0Q0=104=Ja 22
—— = o 1,1 .
00 =OR+ RO OT =28+ b (i)
00 =2b+ uRP OT = OA + AT

5 =a+ uAD
@=ib+y _—4b+l(2a+3b)j AD=AO +0OD

5 5 5 _ 1

—a+Zb

@= i—l,u b+%,ua 1

5 5 5 OT=a+,u(a+Zb)
ﬂ_l =0 1
5 5/1 OT—a—ya+Z;zb
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OT=(1—y)a+%yb ............. (ii)

Equating components of vectors a and b in Eqns (i) and

(1),

From Eqn (iv);
2A=u

jizl—2y

or=2[lailp
52 2

OTz%(a+b)

Revision Exercise

1.

In a triangle ABC, the altitudes from B and C meet
the opposite sides at E and F respectively. BE and CF
intersect at O. Taking O as the origin, use the dot
product to prove that 40 is perpendicular to BC
(b) Find the point of intersection of the line
x_y+2 z-1
5 2
3x+4y+2z-25=0
(c) Find the angle between the line x+4 _y-2 _z+1

8 2 —4

with the plane

and the plane 4x +3y+1=0
(a) Show that the equation of the plane through points
A with position vector 2i + 2k perpendicular to the
vectori+3j—2kisx+3y—2z+10=0
(b) (i) Show that the vector 2i — 5j + 3.5k is
perpendicular to the line r = 2i —j + A(4i + 3j + 2k)
(i1) Calculate the angle between the vector 31 —2j + k
and the line in (b)(i) above.
A point P has coordinates (1, -2, 3) and a certain
plane has the equation x + 2y + 2z = 8. The line
through P parallel to the line g = y_+11 = Z—+21

meets the plane at a point Q.

4,

10.

11.

(a) The line through A(1, -2, 2) and perpendicular to
the plane 4x —y + 2z + 12 = 0 meets the plane in
point B. Find the coordinates of B.

(b) Given that the vectors ai — 2j + k and 2ai + aj — 4i
are perpendicular, find the values of a.

Find the equation of the plane through the point (1, 2,
3) and perpendicular to the vector r = 4i + 5j + k.

(a) The vertices of a triangle are P(2, -1, 5), Q(7, 1, -
3) and R(13, -2, 0). Show that Z/POR=90°. Find the

coordinates of S if PQRS is a rectangle.

(b) Find the equation of the line through A(2, 2, 5)

and B(1, 2, 3)

(c) If the line in (b) above meets the line

x-1 y-2 =z
0

(1) coordinates of P,

(ii) angle between the two lines

The position vector of points P and Q are 2i — 3j and 3i

—7j + 12k respectively. Determine the length of PQ. PQ

meets the plane 4x + 5y — 2z =5 at point S. Find:

(a) the coordinates of S,

(b) the angle between PQ and the plane.

(a) Find the angle between the line r =3k + A(7i —j +

4k) and the plane r- (21 — 5 —2k) =8

(b) Show that the lines with vector equations

ri=(1+42)i+(1-2)j+(2A)k, and
r2=(5+3wi+2pj+Q2-35pk.

intersect at right angles and give the position vector
of the point of intersection.

Find the equation of the line with directrix vector d

which passes through the point with position vector a

given that

(a) a=i+2j—k d=3i-k

(b) a=4i-3k d=i-3j+3k

Find the vector equation of the line which passes

through the points with (a) position vectors 3i — 3j + k

and -2j +j + k.

(a) position vector i+ 4j and 3i —j + 2k,

(b) coordinates (0, 6, -6) and (5, -7, 2)

(c) coordinates (0, 0, 0) and (5, -2, 3)

Write down in parametric form the vector equations

of the planes through the given points parallel to the

3_ ! at P, find the:

given pairs of vectors.

(a) (1,-2,0);i+3jand - + 2k

(b) the origin; 2i —j and —i + 2j — 7k
() 3,1,-1);jandi+j+k.
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12.

13.

14.

15.

16.

17.

18.

19.

Find a vector equation for the plane passing through

the points with position vectors 2k, i — 3j + k and 5i +

2j.

Find the vector equation of the plane through the

points A(1, 0, -2) and B(3, -1, 1) which is parallel to

the line with vector equation r =3i+ (2A—1)j + (5 —

Mk. Hence find the coordinates of the point of

intersection of the plane and the line r = 14 + (5 — p)j

+2u—"T7)k.

Find a vector equation for the line joining the points

(a) (2,6)and (5,2)

(b) (-1,2,-3) and (6, 3, 0).

(a) Points A and B have coordinates (4, 1) and (2, -5)

respectively. Find a vector equation for the line

which passes through A and perpendicular to the line

AB.

(b) Points P and Q have coordinates (3, 5) and (-3, -7)

respectively. Find a vector equation for the line

which passes through the point P and which is

perpendicular to the line PQ

Find a vector equation for the perpendicular bisector

of the points:

(a) (6,3)and (2, -5)

(b) (7,-1)and (3, -3)

Points P, Q and R have position vectors 4i — 4j, 21 +

2j, and 8i + 6] respectively.

(a) Find a vector equation for the line L; which is the
perpendicular bisector to the points P and Q

(b) Find a vector equation for the line L, which is the
perpendicular bisector to the points A and R.

(c) Hence find the position vector of the point where
L, and L, meet.

Two lines L; and L, have equations

X 0 1 X —2 1
L:fy|=|-1|+43]8d Ll yi=] 1 |+p 1]
z -3 6 z 1 2

(a) Show that L; and L, are concurrent (meet at a
common point) and find the position vector of
their point of intersection.

(b) Find the angle between L; and L.

Points P, Q, and R have coordinates (-1, 1), (4, 6) and

(7, 3) respectively.

(a) Show that the perpendicular distance from the
point R to the point PQ is V2.

(b) Deduce that the area of the triangle PQR is 15
sg.units.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Points A, B and C have position vectors —i + 3j + 9k,

51+ 6j — 4k and 4i + 7j + S5k respectively. P is the

point on AB such that AP = 14B . Find:

(a) 4B

(b) CP

(c) Find the perpendicular distance from the point C
to the line AB.

Two lines L; and L, have vector equations

ri =2 -30)i+(1+2A)j+4Ak

r> = (-1 +3A)i + 3j + (4 — Ak respectively. Find:

(a) the position vector of their common point of

intersection.

(b) the angle between the lines.

Find the equation of the plane containing points P(1,

1,1),Q(1,2,0)and (-1, 2, 1).

Find the equation of the plane containing point (4, -2,

3) and parallel to the plane 3x — 7z =12

Show that the point with position vector 71 — 5j — 4k

lies in the plane r = 4i + 3j + 2k + A1 —j — k) + u(2i +

3j + k). Find the point at which the linex=y - 1=2z

intersects the plane 4x —y + 3z = 8.

Find the parametric equations for the line through the

point (0, 1, 2) that is parallel to the plane x + y +z =2

and perpendicular to the linex=1++¢y=1—-1¢,z=

2t.

Find the distance between the parallel planes

z=x+2y+land3x+6y—3z=4

Two planes are given by the parametric equations
x=r+3 and x=1+r+s
y=3s and y=2+r
z=2r and z=-3+5

Find the Cartesian equation of the intersection point.

The equation of a plane P is given by .. [zJ ~33»
9

where r is the position vector of P. find the

perpendicular distance from the plane to the origin.

The line through point P(1, -2, 3) and parallel to the

line §+y_+1 = z + 1 meets the plane x + 2y +27 8

at Q. find the coordinates of Q.
(a) Find the angle between the plane x + 4y —z =72
and the line r = 9i + 6 + 8k.
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31.

32.

33.

34.

35.

36.

37.

(b) obtain the equation of the plane that passes
through (1, -2, 2) and perpendicular to the line
x-9 y-6 2z-38
4 -1 1
(c) Find the parametric equations of the line of

intersection of the plane x +y + z=4 and
x-y+2z+2=0
Find the point of intersection of the three planes 2x —
y+3z=4,3x-2y+6z=3and 7x -4y +5z=11.
Find the Cartesian equation of the plane with

3 2 1
parametric vector equation . _ {OJ + ;{_IJ + y{l]

1 0 1
Find the Cartesian equation of the plane containing
1
the point with position vector | 3 | and parallel to the
1

1 2
vectors | —1 | and | 1
3 -3
Find the Cartesian equation of the plane containing
1 2
the points with position vectors | 2 |,| 1 | and
-1) \-2
3
3.
3

Find the perpendicular distance from the plane r.(2i —
14j + 5k) = 10 to the origin.
Find the position vector of the point where the line

2 5 2
r =|—-1|+ 1| 3 | meets the plane r -| -1 | =15.
3 2 -3

3 1
Two lines have vector equations , — [_1} " ,1[ 2 }
1 -1

4 -1

and y — (4} 4 g[ 1 J . Find the position vector of the
1 2

point of intersection of the two lines and the

Cartesian equation of the plane containing the two

lines.

38

39.

40.

. The position vector of points P and Q are 3i -j + 2k

and 2i + 2j + 3k, respectively. Find the acute angle
c=r-3_4-z

2 4

(b) Find the point of intersection of the line x — 2 =2y
+ 1 =3 -z and the plane x + 2y +z = 3.
(c) Find the equation of the plane through the origin
parallel to the lines r =3i+3j -k + s(i—j—2k) and r
=4i—5j — 8k + #(3i + 7j — 6k)
(a) The points A and B have position vectors a = 2i —
j+ 6k and b = 7i — 6] + k respectively. Find the
coordinates of a point P which divides the vector AB
in the ratio:

between PQ and the line 1 —

(1) 4:1

(i) 1:4

(b) Find the Cartesian equation of the plane through

the origin parallel to the lines x -3 =3-y = z +21

and x—4 _ y+5 _ x+8

3 7 —6

(c) Find the angle between the line ; _, _»y=3 _4-=

2 4
and the plane

2x -3y—-2z+5=0.

41.(a) Determine the unit vector perpendicular to the plane

containing the points A(0, 2, -4),
B(2, 0, 2) and C(-8, 4, 0).

(b) Find the equation of the plane in (a) above

(c) Show that the point T(5, -4, 3) lies on the plane in
(a) above.

(d) Write down the equation in the form r = a + Ab of
the perpendicular through the point P(3, 4, 2) to the
plane in (a) above.

(e) If the perpendicular meets the plane in (a) above at
N, determine vector NP.
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